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Abstract
Discrete flavor symmetry is explored for an intrinsic property of mass matrix forms
of quarks and leptons. In this paper we investigate the S3 permutation symmetry
and derive the general forms of mass matrices in various types of S3 theories. We
also exhibit particular realizations of previous ansatze of mass matrices, which have
often been applied in the literature to the standard model Yukawa sector. Discrete
flavor symmetry is also advantageous for vanishing matrix elements being dynam-
ically generated in the vacuum of scalar potential. This is due to the fact that
group operations are discrete. While zero elements themselves do not explain mass
hierarchies, we introduce an abelian flavor symmetry. A non-trivial issue is whether
successful quantum numbers can be assigned so that they are compatible with other
(non-abelian) flavor symmetries. We show typical examples of charge assignments
which not only produce hierarchical orders of mass eigenvalues but also prohibit
non-renormalizable operators which disturb the hierarchies in first-order estima-
tion. As an explicit application, a flavor model is constructed in grand unification
scheme with S3 and U(1) (or ZN ) flavor symmetries.
aOn leave of absence from Institute of Theoretical Physics, University of Tokushima, 770-8502, Japan.
1 Introduction
One of the most important issues in and beyond the standard model is the masses and
mixing angles of the three-family quarks and leptons. After the electroweak symme-
try breaking, the observed values of masses and mixing angles are to be produced from
the structures of Yukawa couplings. However the Yukawa couplings generally have re-
dundancy in explaining the experimental results: apparently different forms of Yukawa
matrices lead to the same physical masses and mixing angles. Therefore it has been a long
outstanding problem which patterns of Yukawa couplings are relevant from phenomeno-
logical and theoretical viewpoints. Various progresses have been made in the literature by
applying additional principles to the standard-model Yukawa sector. The two well-known
examples of such principles are to adopt the unification hypothesis of matter multiplets
and to assume specific forms of Yukawa couplings (“textures”). The former is a top-down
approach to the problem. The grand unification principle relates the properties of quarks
and leptons, and reduces the degrees of freedom of Yukawa couplings in the theory. On
the other hand, the latter approach is rather a bottom-up one. Available forms of Yukawa
textures are explored so that they are consistent with the experimental observations. It is
interesting that the number of successful textures is found to be highly limited. This fact
is revealed from a simplifying assumption that some elements of Yukawa matrices vanish,
called texture zeros. Along this line, phenomenologically possible forms of mass matrices
have been proposed in the literature (for example, [1, 2, 3], and also [4, 5] for systematic
analyses of zero textures).
As for the neutrino sector, the recent experimental results suggest that one of the most
likely forms of Majorana mass textures of light neutrinos is proportional to

 O(1) O(1)
O(1) O(1)

 (1.1)
in the basis where the generation mixing has been rotated out in the charged-lepton side.
This is the dominant part of mass matrix and other small entries have not explicitly
been written down. It is clearly seen that the large leptonic mixing between the second
and third generations [6] is predicted from (1.1). The observed large 1-2 mixing [7] re-
quires an additional condition for the above texture: the dominant 2 × 2 sub-matrix of
(1.1) has a reduced rank and its determinant is of the same order of small off-diagonal
elements neglected in (1.1). Given that, the texture form (1.1) is considered as a promis-
ing candidate consistent to the present experimental data. The condition (the vanishing
determinant of the dominant sub-matrix) may be realized without fine tuning of model
parameters, e.g., with the right-handed neutrino dominance [8], R-parity violation [9],
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and the lopsided form of charged-lepton mass matrix [10]. It is interesting that the lop-
sided mass textures can be naturally embedded in grand unified theory. However if the
theory is supersymmetrized, large off-diagonal elements in the lepton Yukawa matrices
generally induce sizable rates of flavor-violating processes to excess the present experi-
mental bounds [11]. While the details depend on superparticle mass spectrum, a natural
way to avoid this flavor problem is to consider the case that the lepton as well as quark
Yukawa matrices take hierarchical forms, which lead to small generation mixing. If this is
the case, an interesting possibility to have large lepton mixing is to suppose asymmetric
forms of mass textures (zeros).∗ It seems that abelian flavor symmetry may be difficult
to generate such asymmetric zeros without expense of model complexity. Furthermore
non-abelian continuous flavor symmetry is not suitable for handling mass textures since
texture zeros are rotated to other arbitrary forms by continuous symmetry rotations and
do not have physical implications.
Motivated by these results, in this paper we investigate the power of non-abelian dis-
crete flavor symmetry for constructing mass matrix models. We particularly focus on the
minimal discrete non-abelian symmetry S3. (For fermion mass models based on other
non-minimal discrete non-abelian flavor symmetries, see [13].) The S3 operation is the
permutation of three objects, which has a simple geometrical interpretation, i.e. the sym-
metry of an equilateral triangle. While it is the smallest non-abelian discrete symmetry, it
might be regarded as a remnant of flavor symmetry of fundamental theory in high-energy
regime. The purposes of this paper are the following two points: (i) non-abelian flavor
symmetries such as S3 are so effective that various types of phenomenological textures are
handled and (ii) these symmetries can also generate asymmetric forms of Yukawa matri-
ces in dynamical ways. Further it should be noted that texture zeros themselves do not
explain fermion mass hierarchies. Previous approaches to fermion masses with S3 have
assumed hierarchical values of Yukawa couplings and/or involved symmetry-breaking pat-
terns such as vacuum expectation values (VEVs) of Higgs scalars. In this paper we show
that realistic values of masses and mixing angles are dynamically achieved by introducing
U(1) symmetry. A non-trivial problem arises whether successful U(1) quantum numbers
can be assigned so that they are compatible with other non-abelian (flavor) symmetries.
It is noticed that mass hierarchy is also realized in a similar way with a discrete subgroup
of the flavor U(1) symmetry such as ZN with appropriate (enough large) N and the same
quantum numbers as in the U(1) case. A smaller choice of N would be possible and
interesting from a viewpoint of brevity. In this case, the problem of fermion masses can
be handled with flavor symmetries that are entirely discrete. While the U(1) charge as-
∗Leptonic mixing angles may be enhanced, e.g. by integrating out heavy fields such as right-handed
neutrinos [12].
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signments are presented in this paper, they can always be read as the charges in flavor ZN
theory. We finally present an explicit model where the S3 flavor symmetry is incorporated
consistently to unified gauge symmetry and hierarchical forms of mass matrices.
This paper is structured as follows. In the next section, we discuss some fundamental
issues of the S3 group, which are needed in Section 3 to study symmetry-invariant forms
of mass matrices. In Section 4, S3 is applied to supply dynamical justifications to realistic
candidates of mass textures which have often been discussed in the literature. Based
on these results, we present in Section 5 a toy flavor model in grand unification scheme
where Yukawa textures are controlled by a single flavor S3, assisted by U(1) symmetry.
In Section 6, we analyze the invariant scalar potentials of S3 doublet whose VEV form
is a key ingredient of the approach developed in this paper. Section 7 is devoted to
summarizing our results.
2 The S3 group
2.1 Representations and representation matrices
The S3 symmetry is the smallest non-abelian symmetry, the permutations which an equi-
lateral triangle has. The S3 group therefore contains six elements T1, · · · , T6, half of
which are the circulations of triangle apices and the other half corresponds to the ex-
changes of two of three apices while the other is fixed. There are only few numbers
of irreducible representations; a two-dimensional representation and two different one-
dimensional representations. Throughout of this paper we denote them as 2 (doublet),
1S (singlet), and 1A (pseudo singlet), respectively. The non-trivial one-dimensional rep-
resentation 1A distinguishes the group elements in two parts. The matrix representations
of group elements are given in Table 1. It is easily seen that the even permutations T1,
T1 T2 T3 T4 T5 T6
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(
1 0
0 1
) (
χ 0
0 χ2
) (
χ2 0
0 χ
) (
0 1
1 0
) (
0 χ2
χ 0
) (
0 χ
χ2 0
)
1S 1 1 1 1 1 1
1A 1 1 1 −1 −1 −1
Table 1: The representation matrices of the S3 elements. The symbol χ is the third root
of unity (χ = e2pii/3).
T2 and T3 constitute the subgroup Z3. This means that the S3 symmetry is broken down
to Z3 when a pseudo-singlet field 1A develops an expectation value. Thus the S3 group
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has simple but non-trivial structures, and is suitable for applying it to the flavor prob-
lems of three-generation fermions in the standard model. A number of models have been
proposed to explain Yukawa coupling structures of quarks and leptons with the S3 flavor
symmetry [14, 15, 16].
It may be convenient to introduce the reducible three-dimensional representations for
discussing the three-generation flavor physics. Corresponding to 1S and 1A, there are two
types of three-dimensional representations:
3S ≡ 2 + 1S, (triplet) (2.1)
3A ≡ 2 + 1A. (pseudo triplet) (2.2)
If S3 is regarded as a remnant of some gauge symmetry in fundamental theory, 3A should
be applied not to induce discrete gauge anomaly. This is understood from the fact that the
three-dimensional vector representation of SO(3) is decomposed as 3 = 2+1A in terms of
its subgroup S3. One may also use the 3S representation at the expense that S3 is assumed
to be a global symmetry or the anomaly is cancelled by introducing appropriate numbers
of pseudo singlet fermions. Further the aforementioned geometrical interpretation of S3
operations is made clear for triplet representations. Such an interpretation is seen in a
different basis of S3, as will be discussed later in this section. The matrix representations
of 3S and 3A are read from Table 1 and given by
T1 =

1 1
1

 , T2 =

χ χ2
1

 , T3 =

χ
2
χ
1

 ,
T4 =

 11
1

 , T5 =

 χ
2
χ
1

 , T6 =

 χχ2
1

 , (2.3)
for the 3S representation. As for 3A, the matrices Ti are given by (2.3) except that the
3-3 elements in the odd permutation matrices T4,5,6 are replaced with −1.
2.2 Tensor products and 2∗ representation
The tensor products involving 1A are given by 1A × 1A = 1S and 1A × 2 = 2. The only
remaining non-trivial product is that of two doublets: 2 × 2 = 2 + 1A + 1S. In the basis
where the group elements are given by Table 1, the product of two doublets ψ = (ψ1, ψ2)
t
and φ = (φ1, φ2)
t is explicitly written as follows:
ψ × φ = (ψ†σ+φ, ψ†σ−φ)t2 + (ψ†σ3φ)1A + (ψ†φ)1S , (2.4)
= (ψ†1φ2, ψ
†
2φ1)
t
2 + (ψ
†
1φ1 − ψ†2φ2)1A + (ψ†1φ1 + ψ†2φ2)1S , (2.5)
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where σi (i = 1, 2, 3) are the Pauli matrices and σ± ≡ σ1±iσ22 . The subscripts in the
right-handed sides denote S3 representations. Note that ψ (and also φ) is generically
complex-valued, while S3 is a real group. This fact is important when ψ transforms as
some complex representation under other symmetries than S3. The complex conjugate
ψ∗ belongs to the 2∗ representation for which the representation matrices become T ∗i . In
practical use, however, it is convenient to define a doublet from an anti-doublet:
ψ
C
≡ σ1ψ∗ =
(
ψ∗2
ψ∗1
)
, (2.6)
which transforms as ψ
C
→ σ1(Tiψ)∗ = Tiσ1ψ∗ = TiψC , and indeed acts as the 2 represen-
tation of S3. The tensor product involving ψC is hence given by
ψ
C
× φ = (ψtσLφ, ψtσRφ)t2 + (ψtiσ2φ)1A + (ψtσ1φ)1S , (2.7)
= (ψ2φ2, ψ1φ1)
t
2 + (ψ1φ2 − ψ2φ1)1A + (ψ1φ2 + ψ2φ1)1S , (2.8)
where σL ≡ 1−σ32 and σR ≡ 1+σ32 , respectively. It is noticed that this product does not
contain any complex conjugates. Such a type of tensor product is necessary for describing,
e.g., matter interaction terms (F terms) in supersymmetric theory and Majorana masses
for neutrinos. On the other hand, the product (2.4) is applied to the usual Dirac mass
terms of quarks and leptons. The form of tensor product depends on the group basis, and
therefore the S3 model construction and its physical consequences also do. For details,
see the next subsection and Section 3.
It may be useful for later discussion to explicitly write down what types of singlet com-
ponents are contained in the products of more than two doublets. In the basis discussed
here, one finds
ψ × φ ⊃ ψ†1φ1 + ψ†2φ2, ψ1φ2 + ψ2φ1, (2.9)
ψ × φ× ϕ ⊃ ψ†1φ2ϕ2 + ψ†2φ1ϕ1, ψ1φ†2ϕ1 + ψ2φ†1ϕ2,
ψ1φ1ϕ
†
2 + ψ2φ2ϕ
†
1, ψ1φ1ϕ1 + ψ2φ2ϕ2, (2.10)
ψ × φ× ϕ× χ ⊃ ψ†1φ†1ϕ1χ1 + ψ†2φ†2ϕ2χ2, ψ1φ†1ϕ†1χ1 + ψ2φ†2ϕ†2χ2,
ψ1φ
†
1ϕ1χ
†
1 + ψ2φ
†
2ϕ2χ
†
2, ψ
†
1φ1ϕ1χ2 + ψ
†
2φ2ϕ2χ1,
ψ1φ
†
1ϕ1χ2 + ψ2φ
†
2ϕ2χ1, ψ1φ1ϕ
†
1χ2 + ψ2φ2ϕ
†
2χ1,
ψ1φ2ϕ2χ
†
2 + ψ2φ1ϕ1χ
†
1, ψ
†
1φ2ϕ1χ1 + ψ
†
2φ1ϕ2χ2,
ψ†1φ1ϕ2χ1 + ψ
†
2φ2ϕ1χ2, ψ1φ1ϕ2χ2 + ψ2φ2ϕ1χ1,
ψ1φ2ϕ1χ2 + ψ2φ1ϕ2χ1, ψ1φ2ϕ2χ1 + ψ2φ1ϕ1χ2. (2.11)
Their hermitian conjugates are also in the 1S representations.
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2.3 Group basis dependence
We have presented the S3 algebra in the complex basis where the representation matrices
are given by those in Table 1. There are, however, several bases of the S3 matrices
which are often used in the literature. So it may be instructive here to describe the
relation among these group bases, compared to the complex basis used in the previous
subsections.
2.3.1 Democratic basis
The democratic basis is adopted to produce a flavor-democratic mass matrix in which all
matrix elements are equal [14]. In this basis, the S3 operations generate the permutations
of three objects, for example, the exchange of the first and second indices. The invariance
under such transformations require the universal size of couplings for three generations
if they belong to a three-dimensional representation of S3 and the Higgs field is in the
singlet.
Unlike in the complex basis, the representation matrices have apparently non-trivial
(not block-diagonal) structure for three-dimensional representations. Different group
bases are converted to each other by unitary transformations. It is worth noting that
there are two types of democratic basis which correspond to the existence of two three-
dimensional representations; 3S and 3A. The elements in the democratic basis for 3S are
defined by the unitary matrix V as
T Si = V TiV
†, (2.12)
where Ti’s in the right-handed side are given in the complex basis, and V ≡ UPS with
U =

 1/
√
2 1/
√
6 1/
√
3
−1/√2 1/√6 1/√3
0 −2/√6 1/√3

 , PS =

1/
√
2 −1/√2
i/
√
2 i/
√
2
1

 . (2.13)
Thus the representation matrices for 3S are given by the label-changing matrices:
T S1 =

1 1
1

 , T S2 =

 1 1
1

 , T S3 =

 11
1

 ,
T S4 =

 11
1

 , T S5 =

 11
1

 , T S6 =

1 1
1

 . (2.14)
For the pseudo-triplet representation 3A, the matrices T
S
1,2,3 have the same forms as above,
but T S4,5,6 become rather complicated, as can be seen by the definition (2.12).
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Another democratic basis is defined so that the representation matrices for 3A are
expressed by label-exchanging matrices like (2.14). The matrices TAi are given by a
similar unitary rotation to (2.12), except that the matrix PS is now replaced by
PA =

1/
√
2 1/
√
2
i/
√
2 −i/√2
1

 . (2.15)
One can see that the matrices TA1,2,3 take the same forms as those in (2.14) both for
triplet and pseudo-triplet representations. The differences appear for T4,5,6; T
A
4,5,6(3A) =
−T S4,5,6(3S) and TA4,5,6(3S) = −T S4,5,6(3A), the former matrices exchanges the three objects
as (2.14) and the latter have some complicated forms.
2.3.2 Real basis
In the discussion of the democratic basis, PS,A rotate only the first and second indices.
This means that the representation matrices T S,Ai are rotated to block-diagonal forms only
by the U rotation, namely, the U -rotated matrices are decomposed into the matrices for
irreducible representations. (Note that U is the unitary rotation which diagonalizes the
so-called flavor-democratic mass matrix.) The real basis TUi is defined by rotating T
S,A
i
with the U matrix, for example,
TUi = U
†T Si U. (2.16)
These group elements take the following forms for the 3S representation:
TU1 =

1 1
1

 , TU2 =

 −1/2
√
3/2
−√3/2 −1/2
1

 , TU3 =

−1/2 −
√
3/2√
3/2 −1/2
1

 ,
TU4 =

−1 1
1

 , TU5 =

 1/2 −
√
3/2
−√3/2 −1/2
1

 , TU6 =

 1/2
√
3/2√
3/2 −1/2
1

 ,
(2.17)
which are block diagonal. It is clear from the definition that the TU basis is obtained
from the complex basis by the PS or PA phase rotation. Note that, unlike in the complex
basis, all the representation matrices are real-valued. This is why we call it the real basis.
Due to this reality of matrix elements of TUi , two types of tensor products are possible for
S3 doublets. In the real basis of (2.16), the one tensor product of two doublets is
ψ × φ = (ψ†σ1φ, ψ†σ3φ)t2 + (ψ†iσ2φ)1A + (ψ†φ)1S , (2.18)
= (ψ†1φ2 + ψ
†
2φ1, ψ
†
1φ1 − ψ†2φ2)t2 + (ψ†1φ2 − ψ†2φ1)1A + (ψ†1φ1 + ψ†2φ2)1S . (2.19)
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Another consistent product can be defined by using transposition of ψ, instead of ψ†.
This choice is possible since all the group elements are expressed in terms of real numbers.
In the language of the complex basis, the product defined with daggers corresponds to
(2.4) and that with transpositions to (2.7). The difference between these two types of
products becomes important in the case that S3-doublet fields transform non-trivially
under other symmetries than S3. In particular, this is indeed the case for the standard-
model fermions and Higgs bosons. The real basis has often been used in the literature [15].
For completeness, we comment on another real basis which is defined from TAi , instead of
T Si in (2.16). The matrices T
U
i are now given by T
U
i = U
†TAi U and their explicit forms
for 3A are (2.17) by changing the signs of T
U
4,5,6 (i.e., T
U
4,5,6 → −TU4,5,6). Therefore the
non-trivial tensor product becomes ψ × φ = (ψ†σ3φ,−ψ†σ1φ)t2 + (ψ†iσ2φ)1A + (ψ†φ)1S or
that with ψt.
Finally we show the singlet components contained in the products of more than two
doublets. In the real basis, they are given by (up to the fourth order)
ψ × φ ⊃ ψ1φ1 + ψ2φ2, (2.20)
ψ × φ× ϕ ⊃ ψ1φ1ϕ2 + ψ1φ2ϕ1 + ψ2φ1ϕ1 − ψ2φ2ϕ2, (2.21)
ψ × φ× ϕ× χ ⊃ (ψ1φ1 + ψ2φ2)(ϕ1χ1 + ϕ2χ2), (ψ1ϕ1 + ψ2ϕ2)(φ1χ1 + φ2χ2),
(ψ1χ1 + ψ2χ2)(φ1ϕ1 + φ2ϕ2), (ψ1φ2 − ψ2φ1)(ϕ1χ2 − ϕ2χ1),
(ψ1ϕ2 − ψ2ϕ1)(φ1χ2 − φ2χ1), (ψ1χ2 − ψ2χ1)(φ1ϕ2 − φ2ϕ1).
(2.22)
In the right-handed sides, the components ψi, φj , · · · can be replaced with φ†i , φ†j, · · · .
Namely, (ψ†1φ1 + ψ
†
2φ2), (ψ1φ
†
1ϕ2 + ψ1φ
†
2ϕ1 + ψ2φ
†
1ϕ1 − ψ2φ†2ϕ2), and others are also S3
singlets. This is due to the fact that the representation matrices TUi are real in the real
basis.
3 Invariant matrices
Various forms of mass textures of quarks and leptons have been known to be phenomeno-
logically viable [1]-[5]. As discussed in the previous section, S3 has three types of irre-
ducible representations; 2, 1A and 1S. We would like here to examine what combinations
of S3 representations for matter fields lead to those mass textures. Higgs fields may also
transform non-trivially under the S3 symmetry and play significant roles for realizing tex-
tures forms. Since there are three repetitions of matter fields, various assignments of S3
representations are available, where the first two generations constitute a doublet and so
on. These include a possibility to realize asymmetrical forms of mass textures and give rise
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to physically observable effects such as flavor-violating processes in future experiments. In
particular, as mentioned in the introduction, vanishing matrix elements lead to interesting
phenomenological consequences. Such zero elements could be obtained in the framework
of non-abelian discrete flavor symmetry by suitably taking Higgs representations and their
VEV forms, which are calculable by analyzing scalar potential. Natural forms of VEVs
generally depend on the S3 group basis in which mass matrices are described. At this
stage, explicit forms of mass textures are governed only by discrete flavor symmetry. In
some cases, however, additional implementation might be needed to have more control,
in particular, for fermion mass hierarchy being naturally realized. In the present frame-
work, the key ingredients for model construction are to select (i) S3 group structure, (ii)
representations of matter fields, (iii) Higgs profiles (representations and VEVs), and (iv)
extra symmetries. Let us first comment on these issues in some details.
(i) S3 group structures: As mentioned in Section 2.3, physical consequences of a mass
texture potentially depend on the group basis adopted in constructing S3 models. It is
noted that a choice of specific basis does not affect physical results as long as the flavor
symmetry is unbroken: apparent basis dependence, e.g. different forms of mass matrices,
is only due to a choice of flavor basis. The S3 invariance guarantees the same spectrum
without regard to basis choices. However the predictions for generation mixing might
be different. This is because, in the standard model, there already exists a basis which
defines the generation structure, namely the interaction basis where the weak current
interaction is flavor diagonal. Once one picks up a group basis from some model-building
perspective, the relabeling of flavor indices by S3 transformation gives physical meaning
on generation structure. Another important basis dependence appears in breaking the
flavor symmetry. Since any kind of flavor symmetry has not been observed in the low-
energy regime, in principle any form of symmetry-breaking patterns is possible. In realistic
model construction, some guiding principles are often adopted, such as simplicity and/or
dynamical justification. In either case, symmetry-breaking parameters depend on the S3
basis. While the breaking parameters take a simple form in one basis, they are rotated to
a complicated form in other general bases, which form seems to be completely unnatural.
In this way, the choice of flavor-group basis may have physical consequences if three-
generation fermions are assigned to (pseudo) triplets, and therefore is an important factor
in constructing models with flavor symmetry.
Another issue is what types of S3 symmetries are involved into the theory. For example,
with only one S3 symmetry, both left- and right-handed fermions (and also Higgs bosons)
transform under the same S3. On the other hand, one may easily imagine that three-
generation fermions have non-trivial charges of separate S3 groups. A well-known example
of the latter case is the democratic mass texture [14] realized by S3L × S3R symmetries.
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(ii) Representations of matter fields: In this paper, S3 is introduced to control the
flavor structure of quarks and leptons. Three-generation matter fields generally belong
to non-trivial representations of such flavor symmetries. A charge assignment often as-
sumed in the literature is that the first and second generations make up a doublet. This
assignment is adopted to account for several phenomenological issues. First, the flavor
symmetry invariance suppresses flavor-violating effects between the first and second gen-
erations, which effects have been tightly constrained by various experimental results in
supersymmetric theory [17]. Second, if the third generation has different flavor charges
from the other twos, they are appropriate to have larger masses. It is however noted
that all other flavor charge assignments are equally allowed. For example, a phenomeno-
logically interesting alternative is that the second and third generation leptons make an
S3 doublet. This is motivated by the recent observations of neutrino flavor mixing be-
tween the second and third generations. Moreover it could account for the lightness of
the first-generation fermions. In what follows, we show that representations of matter
fields, including left-right asymmetric assignments, are useful for obtaining various types
of mass matrices.
(iii) Higgs profiles: Phenomenologically indirect but important possibilities arise for
the profile of Higgs fields. If SU(2)W -doublet Higgses are in non-trivial representations of
S3, Yukawa couplings can be described by renormalizable operators. Higher-dimensional
operators including multiple Higgs fields are suppressed by a large cutoff scale and give
negligible corrections to Yukawa couplings, which is a nice feature in a sense that ev-
erything is described within the renormalizable level. This approach however requires
that hierarchically small values of Yukawa couplings for the first two generations must
be fixed by hand as in the standard model. Moreover, due to the existence of multiple
SU(2)W -doublet Higgses, naive gauge coupling unification is spoiled, and Higgs-mediated
flavor-violating effects might not be negligible even at tree level. An alternative choice of
Higgs charges is that SU(2)W -doublet Higgses belong to the flavor singlet. In this case,
Yukawa interactions are effectively derived from higher-dimensional operators which can
be made invariant by introducing appropriate scalars Φ’s in non-trivial S3 representations.
The VEVs of Φ break the flavor symmetry and generate trilinear Yukawa couplings below
the breaking scale. Since the ratio 〈Φ〉 to a cutoff scale gives a unit of Yukawa hierar-
chy of quarks and leptons, S3 should be broken at a high-energy scale below the cutoff.
This situation resolves the above-mentioned problems of S3-charged SU(2)W Higgs dou-
blets: Yukawa hierarchy is explained by controlled higher-dimensional operators, gauge
coupling unification is preserved, and Higgs-mediated flavor violation is suppressed by a
large S3-breaking scale. As an imprint of such high-scale flavor symmetry, new sources
of flavor violation could arise from renormalization-group evolution below the symmetry-
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breaking scale. For example, if the theory is supersymmetrized, flavor-changing couplings
are generally induced, and their magnitudes depend on the dynamics of supersymmetry
breaking. While the flavor violation tends to be small as Ka¨hler terms are limited by
flavor symmetry, it may be observable, e.g. in the gravity mediation scenario [18]. Note
that this type of flavor violation is negligible in the case of S3-charged Higgs bosons as
long as the flavor symmetry remains intact at low-energy regime.
The S3 property of Higgs fields is also relevant to the group basis. That is the form of
VEVs and their naturalness in the sense of ’t Hooft. For example, if a pseudo-singlet field
develops a non-vanishing VEV, S3 is broken down to a subgroup Z3. In the limit of other
VEVs being zeros, low-energy effective theory still has the residual Z3 invariance. In fact,
for realistic cases, some S3 doublets have nonzero VEVs in order to give non-trivial flavor
structure. Then the maximal residual subgroup is S2. Notice here that the S2-invariant
forms of VEVs depend on the group basis. It is found from (2.3) and (2.17) that such
technically natural VEV of S3 doublet is proportional to (1, 1)
t in the complex basis and
(0, 1)t [or (1, 0)t] in the real basis. The former is available to realize large flavor mixing
and the latter is useful for generating textures with vanishing elements. Since the flavor
symmetry is completely broken at low energy, the group basis might be chosen so that
symmetry-breaking forms seem as natural as possible. Finally, there is another form of
doublet VEV which is often utilized in the literature. That is (x, 1)t with x ≪ 1, which
arises from a linear combination of the above two types of VEVs, but it is nothing but
parameter tuning.
(iv) Extra symmetries: The S3 flavor symmetry does not fully explain the mass
hierarchies of quarks and leptons. A hierarchical order of S3-breaking VEVs requires
different order of couplings whose origin is generally unclear. An attractive way to dy-
namically justify hierarchical couplings is to introduce extra symmetries into the theory.
As for Yukawa couplings, a well-known example is the Froggatt-Nielsen mechanism [19]
where extra symmetry controls the orders of Yukawa couplings. They are generated in
low-energy effective theory via decoupling heavy fields, i.e. higher-dimensional operators
whose coefficients are naturally given by the fundamental scale of the theory.
In the following, we present several examples of mass matrices which stem from the
S3 flavor symmetry. In almost the cases, three-generation fermions belong to non-trivial
triplet representations: two of them make up an S3 doublet and the other is a (pseudo)
singlet. On the other hand, appropriate representations of Higgs fields are chosen to have
non-vanishing elements in S3-invariant Yukawa matrices. Mass textures will be expressed
in the complex basis unless particularly mentioned. The expressions in the other bases
are easily obtained by the unitary basis rotations defined in the previous section.
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3.1 A single S3
First we study the case that both left-handed fermions ψLi and right-handed ones ψRj
(i, j = 1, 2, 3) transform under a single S3 group. This case is also straightforwardly
applied to Majorana mass terms with the identification ψL = ψR. In the following, we
take a charge assignment that (ψL1, ψL2) and (ψR1, ψR2) are S3 doublets and the other
fermions are in (pseudo) singlet representation. This does not lose any generalities since
mass matrices for other charge assignments are obtained by flavor rotations. As for Higgs
fields, all the three types of irreducible representations are available for giving nonzero
matrix elements; a doublet HD = (H1, H2), a pseudo singlet HA, and a singlet HS. Here
HD,S,A are interpreted as either SU(2)W -doublet elementary scalars or products of some
numbers of fields [see, e.g. the comment (iii) Higgs profiles in the above].
3.1.1 The general case
Dirac mass terms flip the chirality of fermions. Given that ψL3 and ψR3 are singlets, the
most general S3-invariant Dirac mass matrix is described as
LDirac = −ψRiMij ψLj + h.c., (3.1)
M =

aHS + a
′H∗S + bHA + b
′H∗A cH2 + c
′H∗1 dH1 + e
′H∗2
cH1 + c
′H∗2 aHS + a
′H∗S − bHA − b′H∗A dH2 + e′H∗1
eH2 + d
′H∗1 eH1 + d
′H∗2 fHS + f
′H∗S

 , (3.2)
where a, a′, b, · · · , f, f ′ are independent coupling constants. The generic form of mass
matrix (3.2) is simplified if HD,S,A belong to complex representations of other groups
than S3: either Hx or corresponding H
∗
x is dropped out in each element of the generic
matrix. This is indeed the case for the SU(2)W Higgs doublets in the standard model.
Another charge assignment is that the pseudo singlet representation 1A is adopted for the
third-generation fermions. For example, when ψL3 is a pseudo singlet, the third column
of (3.2) is modified so that H2 and HS are replaced with −H2 and HA, respectively.
The general form of Majorana mass matrix is described by identifying ψL = ψR ≡ ψ.
It is noted that the tensor product (2.7) should be used in constructing Majorana mass
term in the complex basis. Thus the S3 invariance leads to
LMajorana = −1
2
ψciMij ψj + h.c., (3.3)
M =

 aH1 + bH
∗
2 cHS + c
′H∗S dH2 + eH
∗
1
cHS + c
′H∗S aH2 + bH
∗
1 dH1 + eH
∗
2
dH2 + eH
∗
1 dH1 + eH
∗
2 fHS + f
′H∗S

 . (3.4)
Similar to the above case of Dirac masses, either Hx or H
∗
x is removed in each matrix
element when Hx has some (complex) quantum charge other than that of S3. Due to
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the difference of S3 tensor products used for Dirac and Majorana mass terms, the result-
ing flavor structures in (3.2) and (3.4) are rather different. This fact could provide an
interesting possibility for realistic model construction of flavor.
3.1.2 Supersymmetric case
Supersymmetry invariant fermion masses come from the superpotential, which is a holo-
morphic function of chiral superfields. That is, superpotential terms are written in terms
of chiral superfields, which contain fermionic components with a certain chirality, e.g.
left-handed fermions. In this case, right-handed fermions are introduced as charge con-
jugations of left-handed ones. As in the general case, suppose that the chiral superfields
of first two generations, (ΨL1,ΨL2) and (ΨR1,ΨR2), are S3 doublets, and ΨR3, ΨL3 are
singlets. It should be noted that this assignment leads to the right-handed fermions
(ψR1, ψR2) being an anti-doublet. Therefore the product (2.7) is applied to constructing
S3-invariant superpotential. The most general supersymmetric mass term is thus given
by
WDirac = ΨRiMij ΨLj , (3.5)
M =

 aH1 bHS + cHA dH2bHS − cHA aH2 dH1
eH2 eH1 fHS

 . (3.6)
In the case that ΨL3 is assigned to a pseudo singlet, one needs the replacement H2 → −H2
and HS → HA in the third column of (3.6). Similarly, the S3-invariant Majorana mass
term is easily found by symmetrizing the matrix (3.6), namely, by setting the couplings
as c = 0 and d = e. This does not significantly modify the flavor structure, unlike in the
non-supersymmetric case.
3.1.3 Relation to the democratic mass matrix
We have descried the mass matrices in the complex basis of the S3 group. Let us here
comment on the relation to the so-called democratic form of mass matrix in which all the
matrix elements have equal magnitude. It has a simple S3 derivation in the democratic
basis defined in Section 2.3.1. As we explained before, these two group bases are connected
by the unitary rotation U in (2.13). A simple way to recover the democratic mass matrix
is to introduce only an S3-singlet Higgs field HS. As seen from (3.2), that corresponds to
a flavor-diagonal matrix in the complex basis. By rotating the matrix to the democratic
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basis, it turns out to be
M =

1 1 11 1 1
1 1 1

 hS +

1 1
1

h′S, (3.7)
where hS = [(f − a)HS + (f ′ − a′)H∗S]/3 and h′S = aHS + a′H∗S. It is not hard to see the
S3 invariance of the above two matrices in the democratic basis. The democratic mass
matrix is thus found to be derived from an assumption that only one matrix element is
dominant in the complex basis. Therefore a single S3 symmetry cannot ensure the flavor
democracy: even with a single HS field, the democratic ansatz is generally disturbed. As
seen from the representation matrices (2.14), the democratic basis deals with the three
indices of a (pseudo) triplet equivalently, and is not suitable to discuss the decomposition
to irreducible representations.
3.2 S3L × S3R
For controlling chirality-flipping operators, one can utilize a flavor symmetry under which
left-handed and right-handed fermions transform separately, that is, the S3L×S3R symme-
try. Without loss of any generalities, we assume that the first two generations (ψL1, ψL2)
and (ψR1, ψR2) belong to the doublet representations of S3L and S3R, respectively. Since
there exist three irreducible representations for the S3 group, fermion bilinear terms trans-
form in nine ways under S3L×S3R. The corresponding nine types of scalars which ensures
the flavor invariance are denoted by Hij (i, j = D,S,A), where an obvious notation has
been used, e.g.HDA means a doublet under S3L and a pseudo singlet of S3R. As mentioned
before, the symbols Hij stand for either SU(2)W -doublet elementary scalars or products
of some fields with appropriate charges.
3.2.1 The general case
For an illustration, we assume that the third-generation fermions ψL3 and ψR3 are singlets
of S3L and S3R, respectively. In case that they are pseudo singlets, the subscripts S of
Higgs fields should be replaced with A in the following expressions. The most general
Dirac mass matrix is made symmetry invariant by introducing HDD, HDS, HSD, and
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HSS, and is given by
LDirac = −ψRiMij ψLj + h.c., (3.8)
M =


a(HDD)11 + b(HDD)12
+c(H ∗DD)21+d(H
∗
DD)22
a(HDD)12 + b(HDD)11
+c(H ∗DD)22+d(H
∗
DD)21
e(HSD)1 + f(H
∗
SD)2
a(HDD)21 + b(HDD)22
+c(H ∗DD)11+d(H
∗
DD)12
a(HDD)22 + b(HDD)21
+c(H ∗DD)12+d(H
∗
DD)11
e(HSD)2 + f(H
∗
SD)1
g(HDS)2 + h(H
∗
DS)1 g(HDS)1 + h(H
∗
DS)2 jHSS + j
′H ∗SS


,
(3.9)
where a, b, · · · , j, j′ are the coupling constants. The Higgs fields either with or without
asterisks are dropped out in each matrix element if they have some quantum numbers of
other symmetries than S3L × S3R. The possible Majorana mass term of ψL (or ψR) is
written in the same way as (3.4) by including other H ’s with appropriate charges.
The Dirac mass term in supersymmetric theory is given by the superpotential which is
a analytic function of superfields with definite chirality. If we take the same flavor charge
assignment as above for the three-generation superfields ΨLi and ΨRj , the most general
form of mass matrix is
WDirac = ΨRiMij ΨLj , (3.10)
M =

a(HDD)22 a(HDD)21 b(HSD)2a(HDD)12 a(HDD)11 b(HSD)1
c(HDS)2 c(HDS)1 dHSS

 . (3.11)
3.2.2 Examples
It is found from (3.9) that the general form of Dirac mass term is rather complicated.
Combining with simple assumptions, we here present several examples where phenomeno-
logically interesting forms of mass matrices are obtained, in particular, by choosing rele-
vant Higgs contents.
The first example is the introduction of a single elementary scalar H in the (pseudo)
singlet representation of both S3L and S3R symmetries. According to the S3 charges of
ψL3,R3, a relevant representation of the scalar becomes that of Hij with i, j = S or A. In
any case, only the 3-3 element of mass matrix is allowed;
M =


aH

 . (3.12)
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If turning to the democratic basis, we have
M =
1
3

1 1 11 1 1
1 1 1

 aH. (3.13)
Both of these matrices have only one nonzero eigenvalue and the same mass spectrum.
However the resulting flavor mixing structures are clearly different: the matrix (3.13)
induces large flavor mixing, while (3.12) has no mixing between the third and the first-
two generations. As we noted before, this may be a physical difference because, in realistic
models, there exists more than one sector whose relative basis differences do affect flavor
structure such as the quark mixing angles.
The second example is not to consider that elementary scalars Hij give all trilin-
ear Yukawa couplings, but to work with some products of scalars in lower-dimensional
representations. As an example, let us introduce three scalar fields HD = (H1, H2),
H ′D = (H
′
1, H
′
2) andHS whose representations of (S3L, S3R) are (2, 1S), (1S, 2), and (1S, 1S),
respectively. With this field content and the matter representation as above, all entries
in the Dirac mass matrix can be filled up with non-renormalizable operators. In super-
symmetric theory, the mass matrix is now given by
M =

aH2H
′
2 aH1H
′
2 bH
′
2
aH2H
′
1 aH1H
′
1 bH
′
1
cH2 cH1 dHS

 . (3.14)
On top of economical field content, this example has several useful properties for con-
structing flavor models of quarks and leptons. First, the matrix (3.14) has a vanishing
determinant and therefore provides a compelling dynamical reason for the observed tiny
masses of first-generation fermions. Secondly, the effective Yukawa couplings for the
first-two generations become naturally small. This is because the S3 invariance requires
that they come from higher-dimensional operators suppressed by some large mass scale.
Thirdly, the hierarchical flavor structure is easily attained with a smaller number of scalar
VEVs. It might often lead to some relations among mass eigenvalues and mixing angles of
quarks and leptons. One can make use of these interesting features with a smaller number
of representations of scalar fields than (3.9).
3.3 Singlet flavor
We have so far discussed the case that both left- and right-handed fermions have non-
trivial charges of discrete flavor symmetry. In this subsection, we comment on a possibility
that either left- or right-handed generations is insensitive to flavor transformation.
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Let us consider a single S3 symmetry under which left-handed generations transform
non-trivially but right-handed ones do not. In a similar way to the discussion in Sec-
tion 3.1.1, the generic types of representations, HD = (H1, H2), HS, and HA, are taken
into account. If one takes a charge assignment that (ψL1, ψL2) is a doublet, the most
general Dirac mass matrix is given by
LDirac = −ψRiMij ψLj + h.c., (3.15)
M =

 aH2 + bH
∗
1 aH1 + bH
∗
2 gHS + g
′H∗S
cH2 + dH
∗
1 cH1 + dH
∗
2 hHS + h
′H∗S
eH2 + fH
∗
1 eH1 + fH
∗
2 jHS + j
′H∗S

 . (3.16)
In each matrix element, a symbol H either with or without asterisk should be dropped if
H is accompanied with some charges other than that of S3. In supersymmetric theory,
the mass matrix is simplified to
M =

aH2 aH1 gHScH2 cH1 hHS
eH2 eH1 jHS

 . (3.17)
If only a singlet Higgs field exists, that results in
(3.17) →

g g gh h h
j j j

HS (3.18)
in the democratic basis. This form of Dirac mass matrix has been discussed in the so-called
lopsided models. Similar results are also obtained with the 1A representation instead of
1S.
4 Mass textures from S3
On the prescription described in the previous sections, we will perform several construc-
tions of mass textures by use of flavor S3 symmetry. That includes well-established forms
of mass matrices which have been discussed in the literature. In realistic flavor models
for quarks and leptons, some combinations of texture forms are usually assumed, and it
is therefore meaningful to examine whether they can be simultaneously reproduced by
horizontal symmetry.
It is found in Section 3 that the key ingredients for S3 model building are to define
matter and Higgs profiles and, if needed, to introduce additional symmetry. Among such
further symmetries, we will focus in this work on U(1) flavor symmetry to dynamically
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realize fermion mass hierarchy [19, 20]. It is, however, highly non-trivial to assign rel-
evant U(1) quantum numbers. This is because an S3 doublet, e.g. the first and second
generations in the above matrix examples, must have the same U(1) charge and it does
not provide mass hierarchies between them. Moreover, a naive charge assignment often
leads to a prediction that classical mass hierarchy realized by flavor symmetry is disturbed
by higher-dimensional operators. These facts are typical features of S3 flavor models ac-
companied by additional U(1). In models without discrete flavor symmetry, U(1) charge
assignment generally has wider flexibility [20]. On the other hand, models with only S3
symmetry have to do with fermion mass hierarchy by arbitrarily tuning parameters such
as Yukawa couplings and Higgs VEVs. In the following, we illustrate several examples
of mass textures derived from S3 and assistant U(1) flavor dynamics, and also mention
how to cure the above problems of charge assignment. It is noticed that mass hierarchy is
dynamically realized in a similar way with a discrete subgroup of the flavor U(1) symme-
try. For example, all the hierarchical mass textures we discuss below can also be obtained
by ZN subgroup with appropriate (enough large) N and the same quantum numbers as
in the U(1) case. A smaller choice of N would be possible and interesting from a view-
point of brevity. In this case, the problem of fermion masses can be handled with flavor
symmetries that are entirely discrete.
In what follows, we consider the cases that the flavor symmetries are broken at some
high-energy scale, and renormalization-group running down to low energy should be taken
into account if one obtains precise values of coupling constants, once the model below the
symmetry-breaking scale is specified. However, it is not hard to see that, in all examples
we discuss below, the running effects do not change qualitative results and can safely
be dropped. The analysis in this section is performed in the models with a single flavor
S3 symmetry and the results are described in the complex basis, unless we particularly
mention it.
4.1 Nearest neighbor form
The first example of S3 models includes the mass texture proposed by Fritzsch [1]. We
assign non-trivial S3 charges to three-generation left- and right-handed fermions ψLi and
ψRj (i = 1, 2, 3). They are given by (ψL1, ψL2) + ψL3 and (ψR1, ψR2) + ψR3, namely, the
first and second generations make up S3 doublets and the third ones are singlets.
For the Higgs profile, we introduce an S3-doublet HD = (H1, H2) as only a scalar with
non-trivial S3 charge. As mentioned in Section 3, HD has two possibilities concerned
with the electroweak charge. We here take HD as a singlet of the electroweak gauge
symmetry, and accordingly utilize the usual SU(2)W -doublet Higgs h. Advantages of this
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choice are the suppression of flavor-changing rare processes, the preservation of gauge
coupling unification in supersymmetric theory, and so on. A key point is that the VEV
of the S3 doublet scalar is assumed to take the form 〈HD〉 = (〈H1〉, 0). This form can be
dynamically justified by analyzing the scalar potential, as we will show in later section.
Another type of VEV, 〈HD〉 = (0, 〈H2〉), just gives the case easily found by exchanging
the up and down components in S3 doublets.
The next step is to impose extra symmetries. As a simple example, we here assume a
Z2 parity acting non-trivially on S3 doublets (“doublet parity”). We also have flavor U(1)
symmetry in order to control mass hierarchy and mixing among the three generations.
Notice that due to the assignment of these non-vanishing charges the resultant mass
matrices are simplified. That is, either a Higgs field or its complex conjugate can appear
in each matrix element. At this stage, the 3× 3 mass matrix for ψL,R is found to be
 aa b〈H1〉
c〈H1〉 d

 h, (4.1)
where a, b, c, and d are the O(1) coefficients which include coupling constants and, if
any, scalar fields with non-vanishing VEVs. Throughout this paper, O(1) coefficients are
denoted where the fundamental mass scale of theory is taken to be unity. The texture form
(4.1) was first adopted by Fritzsch [1] for quark mass matrices. It is noticed that the parity
leads to some of vanishing matrix elements at tree level. An alternative parity assignment
is viable where ψL3, ψR3 and HD have negative parity. A more interesting possibility is to
incorporate supersymmetry in the model. In this case, vanishing matrix elements could
be due to the holomorphicity of superpotential, combined with U(1) quantum charges for
realizing mass hierarchy, i.e. supersymmetric texture zeros.
To generate fermion mass hierarchy, we use the flavor U(1) symmetry whose quantum
charges are assigned as in the table below:
ψL1,2 ψL3 ψR1,2 ψR3 h HD ϕ
U(1) x x′ y y′ 0 z −1
Z2 − + − + + − +
We have introduced a scalar field ϕ to describe symmetry-invariant higher-dimensional
operators which effectively induce mass terms below the U(1) breaking scale 〈ϕ〉. The
U(1) charges are normalized by letting ϕ take a unit charge, and h is assumed to be
neutral in order to fix overall mass scale. As a result, the orders of magnitude of the
matrix elements in (4.1) becomes
 λ
x+y
λx+y λx
′+y+z+α
λx+y
′+z+α λx
′+y′

 h, (4.2)
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where we have defined 〈ϕ〉 ≡ λ and 〈H1〉 ≡ λα (α ≥ 0 for a consistent theory below the
fundamental scale).
The eigenvalues of (4.2) are easily found; m1 ∼ hλx+y−2(z+α), m2 ∼ hλx+y+2(z+α),
and m3 ∼ hλx′+y′. To obtain a hierarchy m1 ≪ m2, the condition z + α < 0 is naively
needed. It should be, however, noticed that this condition causes a problem that higher-
dimensional operators involving HD give larger effects and are not necessarily negligible.
We will in the below enumerate possible resolutions to the problem; (i) to set z + α > 0,
(ii) to take z < 0 and make higher-dimensional operators negligible by supersymmetry,
(iii) to tolerate some of higher-dimensional operators, (iv) to impose extra symmetry, (v)
to change the S3 representations of fermions, and (vi) to introduce S3-singlet scalars.
(i) If one chooses z + α > 0, problematic non-renormalizable operators become irrele-
vant. This may be the simplest solution in the viewpoint of U(1) charge assignment. It
is found from the matrix form (4.2) that the mixing angle between the first and second
generations becomes π/2. Note here that the S3 freedom cannot be used to reorder the
mass eigenvalues because the S3 group basis has already been fixed such that HD takes
a particular form of VEV. While we know the generation mixing in the quark sector is
small, the S3 realization of the Fritzsch ansatz can be consistent (for z+α > 0), provided
that the up and down quark sectors have almost the same flavor structure. Namely, If
both the up and down sectors employ the matrix form (4.2), the label exchanging effects
are cancelled out between the two sectors, and the quark mixing angles become small
of powers of λ. Such a situation is similar to the case of the democratic quark mass
matrices [14].
(ii) If one chooses z < 0, higher-dimensional operators can be forbidden by holomor-
phicity in supersymmetric theory. For this being achieved, it is a simple assignment that
all the U(1) charges except for HD and ϕ are positive in order not to give any higher-
dimensional terms. Since the doublet scalarHD now develops a VEV in the up component,
the down component of doublet in the product (HD)
2 becomes nonzero, and the singlet
component in (HD)
3 does [see the tensor product (2.7)]. Consequently, higher-order terms
involving the products of HD might spoil the first-order analysis, because HD has a nega-
tive U(1) charge (z < 0). In fact, the 1-3, 3-1, and 2-2 elements in the matrix (4.1) receive
non-negligible contributions from (HD)
2. The contributions to the 1-3 and 3-1 elements
are forbidden by the doublet parity. We however find that higher-order contribution to
the 2-2 element is difficult to be suppressed as long as the 2-3 and 3-2 matrix elements
are allowed. A simple way to remedy this last problem is to add some extra symmetry,
otherwise to apply the option (iii).
(iii) One, in some sense, negative choice is to abandon the exact Fritzsch ansatz and
put up with some contribution from non-renormalizable operators. As mentioned above,
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a non-vanishing 2-2 element often appears even if the parity invariance is imposed. One
can therefore choose as the third option that higher-order terms are generally forbidden
by parity and/or supersymmetry while the 2-2 element is not. For example, in supersym-
metric approach, the U(1) charges are needed to satisfy the mild constraints x+y+z < 0,
x + y′ + z ≥ 0, x′ + y + z ≥ 0, and z < 0. If this is the case, we obtain a mass matrix
of the form (4.1) corrected by a nonzero 2-2 element from a higher-dimensional opera-
tor involving (HD)
2. Such a type of mass texture has been recently discussed [21] to be
suitable for solving fermion mass problems including the neutrino physics.
(iv) If one chooses to introduce more additional symmetries, harmful higher-dimensional
operators might be removed. However such an operation generally reduces to complicate
the models and involve uncontrollable factors, which make the models unfavorable.
(v) Contrary to the above options (i)–(iv), one can choose to extend the model to
include more fields in other representations of flavor symmetry. Let us consider an addi-
tional Higgs HA of pseudo S3 singlet. The representations of matter fields are accordingly
changed to (ψL2, ψL3) + ψL1 and (ψR2, ψR3) + ψR1, i.e. the second and third generations
are S3 doublets. It is easily found by constructing S3-invariant terms that one still has a
mass matrix of the Fritzsch ansatz, provided that the non-vanishing VEVs are given by
〈HD〉 = (0, 〈H2〉) and 〈HA〉. An important difference between this and the above models
is whether the parity symmetry is needed or not to suppress undesired matrix elements. In
the model here, the Fritzsch ansatz is obtained without imposing any parities. To make
the 1-1 element negligible, it is sufficient to take appropriate U(1) charge assignment,
since the first-generation fermions now belong to different S3 representations from the
others, and have different U(1) charges. Note that the example here may not be applied
to left-right symmetric cases due to the anti-symmetric matrix elements generated by a
pseudo singlet (i.e. M23 = −M32). However asymmetrical forms of mass texture (zeros)
could provide phenomenologically interesting possibility.
(vi) Another choice of additional scalar fields is a singlet Higgs HS. A reason to
introduce such singlet scalars is to suppress bare Yukawa couplings [e.g. a and d in the
matrix (4.1)]. They are induced from other operators involving S3 singlet scalars with
non-vanishing U(1) charges. Once the singlet scalars obtain VEVs, the resultant mass
matrix takes the same form as (4.1), but flavor-invariant non-renormalizable operators
are different due to the non-vanishing charges of singlet scalars.† Let s be the U(1) charge
of HS, which must be positive as will be seen below. There are three possible ways to
include the HS scalar: (a) The 3-3 element comes from an operator involving HS. That
needs the charge conditions x′ + y′ < 0 and x′ + y′ + s ≥ 0. Moreover, for the mass
†In case that SU(2)W -doublet Higgses belong to non-trivial representations of S3, such effects of HS
(the suppression of bare Yukawa terms) can always be taken into account.
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hierarchy being realized, an additional condition 2(z + α) < s + αs is required, where
〈HS〉 ≡ λαs. It is interesting that the operators which contribute to the 2-2 element is
automatically suppressed, and one does not need to rely on any additional symmetries.
Furthermore if one chooses s+αs <
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(z+α) [or s+αs < 3(z+α)], corrections to the 1-3
and 3-1 [or 1-1] elements become negligibly small. It can be checked that all the above
charge conditions are easily satisfied. (b) In this case, the charge conditions x + y < 0
and x+y+s ≥ 0 are needed for HS to appear in the 1-2 and 2-1 elements. A proper mass
hierarchy is realized when 2(z + α) < s+ αs, and the 1-3 and 3-1 elements are negligibly
small if s+αs < 3(z+α). Unlike in the case (a), these charge conditions do not suppress
higher-dimensional contributions to the 1-1 and 2-2 elements, so some symmetry should
be imposed. (c) All the 1-2, 2-1, and 3-3 elements contain the HS field. That requires
x + y < 0, x′ + y′ < 0, x + y + s ≥ 0, and x′ + y′ + s ≥ 0. Moreover one should take
z + α < s + αs in order for fermion mass hierarchy to be preserved. With these charge
conditions, all the operators concerned with the 2-2 element are automatically suppressed.
It is, however, found that the 1-1 element generally receives sizable contribution unless
extra symmetry is imposed.
In this way, the nearest-neighbor form of mass matrices, including the well-known
Fritzsch ansatz, is realized in the framework of S3 flavor symmetry. Moreover the mass
hierarchy among the three generations is also achieved by incorporating an additional
U(1) symmetry. An important and non-trivial issue is whether U(1) charges can be
assigned so that they are compatible with the non-abelian flavor symmetry. We have
shown typical examples of assignments which not only produce mass hierarchy but also
suppress non-renormalizable operators which tend to disturb the mass hierarchy in the
first-order estimation.
4.2 Next-nearest neighbor form
In most models with S3 flavor symmetry and also in the previous subsection, the first two
light generations are assumed to compose S3 doublets. While such an assignment may be
favorable to some phenomenological issues e.g. for suppressing flavor-changing processes,
it is not necessarily the unique choice for S3 charges. One may easily imagine different,
but somewhat unfamiliar, S3 flavor structures. In the following, we show that S3 models
with such twisted generations are also relevant to constructing realistic flavor theory of
quarks and leptons. As a simple example, we here discuss the ansatz for mass texture
proposed in [3], which type of texture suggests that the first and third generation fermions
make up S3 doublets.
The procedure is completely parallel to that in the previous subsection. The key
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ingredients are the representations of matter and Higgs fields, the profile of Higgs VEVs,
and additional symmetries. Consider the matter representation (ψL1, ψL3) + ψL2 and
(ψR1, ψR3) + ψR2, i.e. the first and third generations are S3 doublets. We also introduce
an S3-doublet Higgs scalar HD = (H1, H2), whose down component H2 is assumed to
develop a non-vanishing VEV. The electroweak gauge invariance is implemented by an
SU(2)W -doublet scalar h, which is a singlet of S3. The setup leads to the following form
of mass matrix; 
 ab
a c〈H2〉

h, (4.3)
where 1-2 and 2-1 elements have been suppressed by imposing a Z2 parity concerning the
second generation; ψL2, ψR2 → −ψL2,−ψR2. Similar suppression can also be obtained by
use of holomorphicity in supersymmetric theory. At this stage, the coefficients a, b, and
c are supposed to contain coupling constants and scalar VEVs, whose natural sizes are
O(1). The texture (4.3) has the form of the Giudice ansatz [3] for the up quark mass
matrix. The coefficients a and b should be smaller than c〈H2〉 to properly describe mass
hierarchy of fermions. That is realized in the present work by introducing flavor U(1)
symmetry and a charge-compensating scalar ϕ. Defining U(1) quantum charges as in the
following table,
ψL1,3 ψL2 ψR1,3 ψR2 h HD ϕ
U(1) x x′ y y′ 0 z −1
Z2 + − + − + + +
we have the orders of magnitude of the matrix elements
 λ
x+y
λx
′+y′
λx+y λx+y+z+α

h, (4.4)
where 〈ϕ〉 ≡ λ, and α parametrizes the VEV of S3 doublet 〈H2〉 ≡ λα. It is obvious that
a charge condition z + α < 0 is necessary for mass hierarchy without inducing maximal
generation mixing. Notice that this is similar to the case of the Fritzsch ansatz where
higher-dimensional operators involving the S3 doublet scalar lead to significant modifi-
cation of matrix form. Therefore also in the present case, one can apply the resolutions
discussed in the previous subsection to have natural hierarchy of mass eigenvalues and
mixing angles.
4.3 Asymmetric textures
A more unfamiliar but interesting case is that flavor charges are asymmetrically assigned
to left- and right-handed fermions, which generally lead to asymmetrical forms of mass
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textures. In grand unification schemes, the mass matrix of up-type quarks is often assumed
to be symmetric (exactly speaking, hermitian), which comes from the fact that, even in
the minimal SU(5) model, one-generation up-type quarks with both chiralities belong
to a single multiplet of unified gauge symmetry. However this is not generally the case
for other Dirac mass matrices. In particular, the present experimental data suggest that
the leptonic flavor mixing is quite un-parallel to the quark mixing. This asymmetrical
observation can be compatible with quark-lepton unification, if fermion mass textures
take asymmetrical forms in the generation space [10]. There are also some classes of non-
hermitian ansatze for quark mass matrices [22], which are consistent with the experimental
data and cannot be transformed to the symmetric solutions previously found in Ref. [4].
It is therefore worthwhile to investigate the dynamical realization of asymmetric mass
textures with discrete flavor symmetry. A systematic study of asymmetric mass matrices
for the up and down quarks has recently been performed, particularly paying attention
to the connection to leptonic flavor mixing [23].
Among various types of viable asymmetric textures, we here present an S3 flavor
model which predicts the mass matrix proposed in [24]. This texture is relevant to the
neutrino Dirac mass matrix and is interesting in that large lepton mixing is realized
without any tuning of couplings, if there is a suitable hierarchy among right-handed
neutrino masses. The texture indicates neither that the first-two generations are in doublet
representation nor that left- and right-handed fermions have parallel assignments of S3
charges. That leads us to consider highly asymmetric flavor structure: (ψL1, ψL3) + ψL2
and (ψR2, ψR3) + ψR1. We also have SU(2)W -singlet scalars, HS and HD = (H1, H2),
which are S3 singlet and doublet, respectively. The down component H2 of the doublet
HD is assumed to develop a non-vanishing VEV. The electroweak gauge invariance is
maintained by introducing an SU(2)W -doublet standard model Higgs h, which is a singlet
of S3. Consequently we obtain the following form of mass texture:
 a〈H2〉 db〈H2〉 e〈HS〉
e〈HS〉 c〈H2〉

 h. (4.5)
It is interesting to note that no additional symmetry is required to eliminate unwanted
nonzero matrix elements, contrary to the previous two examples. The coefficients a, · · · , e
contain coupling constants whose natural sizes are O(1). Splitting the sizes of the co-
efficients is easily obtained, for example, by introducing flavor U(1) symmetry and a
charge-compensating scalar ϕ. A typical U(1) charge assignment is given by
ψL1,3 ψL2 ψR2,3 ψR1 h HD HS ϕ
U(1) −x 0 y z 0 x 2x −1
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with x > y ≥ 0 and z ≥ 0, and we obtain the mass texture of the form

 λ
z λz
λx+y λx+y
(λx+y) λy

 h. (4.6)
The parameter λ denotes the ratio of the VEV 〈ϕ〉 to the fundamental scale. Compared
to the matrix in [24], a non-vanishing 3-1 element is generated. However one can easily
find that such a tiny entry does not contribute both to the mass eigenvalues and mixing
angles, though it is obliged to be included to respect the flavor symmetry.
It was discussed [24] that the texture (4.6) (without the 3-1 element) could be derived
by making use of more than two continuous flavor symmetries. By contrast, the present
approach with discrete flavor symmetry seems somewhat simpler. The texture form is
totally controlled by a single S3 symmetry, and then, the mass hierarchy is determined
by extra assumption (here the U(1) flavor symmetry).
Finally let us comment on the corrections from non-renormalizable operators. It is
found that the above charge assignment suppresses the contribution of higher-dimensional
operators to the 1-3 and 3-2 matrix elements, and the texture zeros are not destabilized.
On the other hand, the correction to the 2-1 element could be as large as the other compo-
nents in the second rows, i.e. O(λx+y). This result itself is not a disaster but the above zero
texture should be modified. That is similar to the cases in the previous subsections where
higher-dimensional operators involving HD could give significant effects on the first-order
approximation. Therefore one is able to apply similar resolutions to remedy the problem.
For example, if the S3 doublet scalar HD has a non-trivial charge of some other symmetry,
any problematic deformation of mass matrix is completely avoidable.
4.4 Missing a right-handed neutrino
Referring to the S3 algebra presented in Section 2, the maximal irreducible representation
is doublet. The triplet representation is reducible, while it may be suitable to describe
three-generation fermions. Two fermions with the same standard model charges are also
well handled with S3 symmetry. While we have already known the existence of three
repetitions of the standard model fermions, there is an idea that only two right-handed
neutrinos are effectively included [25]. In this framework, a missing right-handed neutrino
might be thought to decouple at a superheavy scale and regarded as a flavor singlet.‡ The
remaining two right-handed neutrinos are hence treated as a doublet. In this subsec-
‡Such a singlet should be 1S to preserve S3 symmetry in low-energy regime. The existence of the third
right-handed neutrino would be needed to reconcile the lepton sector to the quark one in high-energy
unification schemes.
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tion, we present a model with three left-handed and two right-handed neutrinos in the
framework of S3 flavor symmetry.
We would like here to stress that another important issue of flavor symmetry is to
simultaneously control different sectors of flavor. For example, physical quark mixing
angles are determined with a conspiracy of the up and down mass matrices, and low-
energy Majorana neutrino masses are derived from Dirac and right-handed Majorana
masses with the seesaw mechanism [26]. In the following, we illustrate simultaneous
treatment of two different types of mass textures, i.e. the Dirac and Majorana masses of
neutrinos. A more realistic flavor model, including quarks and charged leptons, will be
discussed in the next section.
Among various models with two right-handed neutrinos, we here focus on the texture
ansatz proposed in [27] and its realization with S3 flavor symmetry in the neutrino sector.
The model contains three left-handed leptons ψL1,2,3 and two right-handed ones ψR1,2.
We assign the flavor charges to these fermions such that (ψL1, ψL2) and (ψR1, ψR2) are S3
doublets and ψL3 a singlet (either of the S3 singlet representations is possible). As for
the Higgs sector, at least two types of scalars are introduced for controlling two different
sectors of mass textures, though not necessarily required. We take, as an example, two
scalar fields which are S3 doublets and the standard gauge singlets; HD = (H1, H2)
and H ′D = (H
′
1, H
′
2), whose VEVs generate Dirac and Majorana masses, respectively.
For compensating electroweak gauge invariance, a usual SU(2)W -doublet Higgs h is also
included. A more economical choice might be to have SU(2)W -doublet and S3-doublet
scalar fields. In this case, however, there may exist some problems, as discussed before,
that gauge coupling unification must be non-trivially realized and large rates of flavor-
changing processes generally spoil the models.
The S3 invariant terms induce the neutrino Dirac mass Mν and the right-handed
Majorana mass MR, which read from the generic expressions (3.2) and (3.4),
Mν =
(
a〈H2〉+ b〈H∗1 〉 c〈H1〉+ d〈H∗2〉
a〈H1〉+ b〈H∗2 〉 c〈H2〉+ d〈H∗1〉
)
h, (4.7)
MR =
(
e〈H ′1〉+ f〈H ′2∗〉
e〈H ′2〉+ f〈H ′1∗〉
)
, (4.8)
where a, · · · , f are the coupling constants. Thus we have obtained the textures discussed
in [27], if the generation indices are properly exchanged while physical consequences are
unchanged (except for a sign reversion of as yet unobserved leptonic CP-violating quan-
tity). The bi-large generation mixing in the neutrino sector is naturally established,
provided that (Mν)12 ≃ (Mν)13 and (Mν)21 ≃ (Mν)23, and that there is a little hierarchy
between these two combinations or between the mass eigenvalues of MR [27].
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It is rather straightforward to incorporate supersymmetry into the above picture.
Every field is promoted to a superfield which is in the same representations of the standard
model gauge and flavor symmetries. The Dirac and Majorana mass terms are described
by superpotential. Notice that the right-handed neutrinos ψRi are embedded into the
corresponding superfields in the form ψ cRi. As we explained in Section 3, this embedding
modifies the tensor product and slightly changes the texture form. We thus find that the
S3-invariant superpotential induces the mass matrices
Mν =
(
a〈H1〉 b〈H2〉
a〈H2〉 b〈H1〉
)
, MR =
(
c〈H ′1〉
c〈H ′2〉
)
. (4.9)
Again the neutrino mass textures presented in [27] are dynamically realized in a super-
symmetric S3 model. It is easy to see that the coupling constants and scalar VEVs can
be appropriately chosen for the neutrino physics without any fine tuning.
5 Grand unification with flavor S3
Based on the above prescription for mass texture, in this section, we present a grand
unified model of quarks and leptons with S3 flavor symmetry. It is the most important
point of flavor symmetry that any matrix form from flavor symmetry is valid only in
the case that there are more than two sectors governed by the symmetry. A well-known
example is the up and down quark mass textures whose forms are simultaneously altered
by flavor rotation of SU(2)W -doublet quarks. In other words, any realization of zero
textures for a single sector cannot be physically distinguished from other freely-rotated,
generally complicated, matrix forms. In the previous subsection, we discussed a model
in which two types of neutrino mass matrices are controlled in the same fashion. To
include the charged lepton sector is straightforward, referring to the general discussion
of S3-invariant matrix forms. Towards realistic flavor models of quarks and leptons, we
here construct an illustrative grand unified model with S3 flavor symmetry. The model
has asymmetrical forms of mass textures due to non-trivial assignment of flavor charges,
which particularly leads to bi-large lepton mixing. While the model presented here is not
so complete, it suggests the validity of discrete symmetry for flavor physics and would
give a large step to understand the origin of flavor.
Let us consider SU(5) as a minimal candidate for unified gauge group. For matter
Yukawa couplings, we introduce as usual the three-generation fermions, ψi(10), χi(5
∗),
νi(1) (i = 1, 2, 3) and two scalars, hu(5) and hd(5
∗). Needless to say, one needs some
different types of scalar fields to break the unified gauge symmetry, but they are generally
irrelevant to the Yukawa sector. We define the flavor S3 charges of matter and scalar fields
27
so that the combinations (ψ1, ψ2), (χ1, χ3) and (ν1, ν2) are S3 doublets and the others in
the 1S representation. To implement the S3 invariance, a doublet and a singlet scalars
are also introduced, called HD and HS, respectively. The total field content is listed in
the table below. We assume that S3 is broken by the scalar VEVs; 〈HD〉 = (〈H1〉, 0) and
〈HS〉, which are of O(1) and can be the result of analyzing symmetry-invariant scalar
potential without fine tuning.
ψ1,2 ψ3 χ1,3 χ2 ν1,2 ν3 hu hd HD HS ϕ
SU(5) 10 10 5∗ 5∗ 1 1 5 5∗ 1 1 1
S3 2 1 2 1 2 1 1 1 2 1 1
U(1) 4 0 2 0 x+ 2 y −2 −2 0 2 −1
While the right-handed neutrinos are assigned to the S3 representations (ν1, ν2) + ν3,
that is not essential as long as the low-energy left-handed Majorana masses are concerned.
It is because, in the seesaw mechanism, arbitrary rotations of right-handed neutrinos can
be inserted while preserving left-handed Majorana mass matrix. In fact, the S3 flavor
charges (i.e. the flavor basis) of νi turn out to be fixed, once some other dynamics than
S3 is incorporated.
In addition to these, we have a U(1) (or ZN) symmetry to produce natural hierarchies
among matrix elements (and also to help to discriminate νi). A key of the mechanism is
the existence of a scalar field ϕ with a non-vanishing VEV, which is a bit smaller than
the fundamental scale of the theory. The whole S3 representations and U(1) quantum
numbers are shown in the table (x ≥ 0 and 2 > y ≥ 0 for phenomenological requirements).
Let us first discuss the Majorana masses of right-handed neutrinos. They are given
by the following form of S3-invariant mass operator νci (MR)ijνj :
MR =

 MM
M ′

 , (5.1)
where the mass parameters M and M ′ are generally free. They contain some compound
factors such as suppressions by flavor U(1) invariance, but such suppression factors are
cancelled out via the seesaw mechanism and irrelevant for low-energy quantity. The orders
of magnitudes of M and M ′ would be determined by experimental data. Theoretically
this seems natural since MR cannot be directly induced by hu,d, nor come from HD,S, as
the Majorana mass term violates lepton number symmetry. Otherwise one easily obtains
MR by assuming VEVs of S3-singlet scalar fields with lepton numbers. In any case, the
most important point here is that a single S3 flavor symmetry controls both Dirac and
Majorana mass textures simultaneously.
28
We also find that the S3 and U(1) flavor invariance leads to the following Dirac mass
textures Mu,d,e,ν for quarks and leptons:
Mu =

λ
6 λ6
λ6 λ2
λ2 1

hu, Md =

λ
4 λ4
λ4 λ2
1

hd, (5.2)
Me = M
T
d , Mν =

λ
x+2 λx+2
λx+2 λx
λy λy

hu, (5.3)
where we have neglected coupling constants and defined the expansion parameter λ as
the ratio of 〈ϕ〉 to the fundamental scale. Our first prediction obtained from the above
textures is that the VEV ratio of two SU(2)W doublets should be large, that is, hu/hd ∼
mt/mb ∼ 60. Secondly, we find the Majorana mass matrix ML of left-handed neutrinos
derived from the seesaw formula
ML =

 ǫǫ 1 1 + ǫ
1 + ǫ 1

 λ2yh2u
M ′
. (5.4)
Here the parameter ǫ has been defined as ǫ ≡ λ2x−2y+2(M ′/M). The induced matrix
elements in the 1-1, 1-3 and 3-1 positions are negligibly small and have been dropped
in the expression (5.4). It is interesting to note that all the symbols “1” in the matrix
(5.4) are exactly 1 due to the seesaw mechanism, and consequently, the lower-right 2 ×
2 sub-matrix has a reduced determinant of O(ǫ), not O(1). For a small ǫ (∼ λ1−2),
the matrix (5.4) automatically realizes the bi-large generation mixing with hierarchical
neutrino spectrum. The model also predicts a small lepton mixing of O(ǫ) between the
first and third generations. The planned improvements in the sensitivity to such a small
angle are expected to reach O(10−2) [28], and the above model will be testable in near
future. On the other hand, the neutrinoless double beta decay [29] cannot be observed
due to the negligible value of (ML)11.
It is found in the above Dirac mass matrices that some distorted values are induced
for light generations, while the coefficients of matrix elements could be appropriately
chosen for reproducing the observed values of fermion masses and mixing angles. We
checked that, for the present simple field content, the flavor charge assignment of S3
and U(1) symmetries is uniquely determined for realizing the two conditions that (i) the
right-handed neutrino masses MR come from the mass operator (5.1) and (ii) the rank of
2×2 sub-matrix of ML is reduced via the seesaw mechanism without tuning of couplings.
Therefore an improvement of the above toy model is made by extending it to include
additional scalar fields and modifying the texture forms. For example, the equivalence of
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the down and charged-lepton mass spectrum may be split by making use of Higgs fields in
higher-dimensional representations. Another simple extension is to change the S3 group
basis, e.g. to the real basis. This might be a possible amelioration because the texture
analysis and its physical consequences depend on the group basis of flavor symmetry, as
explained before. We leave these issues to future investigation.
6 Analysis of scalar potentials
We have so far discussed mass textures of fermions in the framework of S3 flavor symmetry,
where the S3 invariance is violated only by scalar VEVs. In particular, the assumption
that either of components in a doublet has a vanishing VEV leads to texture forms for
quark and lepton mass matrices, which result in various types of phenomenologically viable
flavor models. In this section, we present, as an existence proof, the analysis of scalar
potentials which generate desired forms of symmetry-breaking VEVs. We also discuss
model parameters and symmetry for obtaining such VEVs. It should be noted that, unlike
in the case of continuous flavor symmetry, a VEV of doublet cannot be transformed to
an arbitrary form by S3 rotations because of the discreteness of group operations (see
Table 1). Even if there is a case that such rotation is useful, it is physically meaningful
only when other symmetries in the theory do not commute with S3. This is not necessarily
satisfied, for example, in the presence of U(1) flavor symmetry.
6.1 The general case
We consider a single S3 doublet scalar H = (H1, H2) and analyze the structure of its
generic scalar potential. The potential analysis becomes more involved if there are some
numbers of scalar fields. However since we have shown that mass textures of quarks and
leptons can be derived from a single doublet scalar, the analysis for one doublet would
provide a step towards more practical cases with more than one doublets. Furthermore,
when several scalar fields have VEVs of enough separated scales, they can be indepen-
dently analyzed if the most generic terms are taken into account in scalar potentials.
The most general and renormalizable scalar potential for a doublet H = (H1, H2) is
given by
V (H1, H2) = µ
2(H†1H1 +H
†
2H2) + λ
[
(H†1H1)
2 + (H†2H2)
2
]
+
[
ρ2H1H2 + α(H
3
1 +H
3
2 ) + β(H
2
1H
†
2 +H
2
2H
†
1) + h.c.
]
+κH†1H1H
†
2H2 +
[
ζH21H
2
2 + η(H
†
1H
2
1H2 +H
†
2H
2
2H1) + h.c.
]
(6.1)
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with respect to the S3 invariance in the complex basis. The minimization of the potential
leads to the following two conditions:
0 =
∂V
∂H†1
= µ2H1 + 2λH
†
1H
2
1 + ρ
2∗H†2 + 3α
∗H†21 + βH
2
2 + 2β
∗H†1H2 + κH1H
†
2H2
+2ζ∗H†1H
†2
2 + ηH
2
1H2 + η
∗(2H†1H1H
†
2 +H
†2
2 H2), (6.2)
0 =
∂V
∂H†2
= µ2H2 + 2λH
†
2H
2
2 + ρ
2∗H†1 + 3α
∗H†22 + βH
2
1 + 2β
∗H1H
†
2 + κH
†
1H1H2
+2ζ∗H†21 H
†
2 + ηH1H
2
2 + η
∗(H†21 H1 + 2H
†
1H
†
2H2). (6.3)
The minimum is ensured by examining whether the 2×2 matrix ∂2V/∂Hi∂H†j (i, j = 1, 2)
has positive eigenvalues at the extreme. Generally, the stationary conditions (6.2) and
(6.3) are satisfied at various points in the field space. The origin H1 = H2 = 0 is a
solution of these two condition, but at this point, the S3 flavor symmetry is unbroken and
the result is unrealistic. Parallel to the well-known electroweak symmetry breaking, one
easily avoids this trivial solution by assuming a negative value of µ2, which in turn makes
the origin being a locally maximum point and destabilized.§ A possible minimum we are
interested in is that either of VEVs in a doublet scalar is vanishing, namely H1 6= 0 and
H2 = 0, or vice versa. For H2 = 0, the stationary conditions (6.2) and (6.3) become
µ2H1 + 3α
∗H†21 + 2λH
†
1H
2
1 = 0, (6.4)
ρ2H1 + β
∗H†21 + ηH
†
1H
2
1 = 0. (6.5)
It is found that the existence of non-trivial (at least local) minimum with H1 6= 0 requires
a set of conditions for the coupling constants. For example, ρ = β = η = 0 or µ2/ρ2 =
3α/β = 2λ/η, and so on. The former condition could easily be obtained if the scalar
has some other quantum charges than S3. There exist various possibilities of coupling
constants for stabilizing the scalar potential at non-trivial minimum. It is an intriguing
task to find the conditions of couplings which are naturally realized with symmetries.
Finally we comment on the VEV form H1 6= 0, H2 6= 0. Such a form of doublet VEVs is
needed to achieve the texture form discussed in Section 4.4. If the coupling constants in
the above scalar potential have the same order of magnitude (in the unit of fundamental
scale), two VEVs H1 and H2 are on a similar order and generally have different values.
In this case, it is difficult to write down the generic solution to (6.2) and (6.3) for the
potential minimum. We numerically investigated that there indeed exists the minimum
of the potential (6.1). As an example, a set of natural values of coupling constants,
µ = ρ = α = β ≡ m and λ = κ = ζ = η = 1, leads to the stationary point H1 = 0.61m
§Exactly speaking, if µ2 < |ρ2|, the origin of field space is destabilized, but only along with limited
directions.
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and H2 = −1.62m. It can easily be checked that this point corresponds to a potential
minimum by analyzing the second order derivatives of the potential. It is also interesting
to explore the region of coupling constants for which such a form of doublet VEVs appears.
6.2 Supersymmetric case
The analysis is similarly performed in supersymmetric theory. For an S3-doublet superfield
H = (H1, H2), the symmetry-invariant superpotential W is given by
W = mH1H2+
y
3
(H31+H
3
2)+
w
2
H21H
2
2+xH1H2(H
3
1+H
3
2)+
z1
6
(H61+H
6
2)+
z2
3
H31H
3
2 , (6.6)
where m, y, · · · , z1, z2 are the coupling constants and we have included the most general
operators with mass dimensions up to seven. In this subsection, we assume that super-
symmetry is unbroken, that is, supersymmetry-breaking soft terms do not fix the breaking
scale of flavor symmetry. The scalar potential is then given by
V (H1, H2) =
∣∣∣mH1 + yH22 + wH21H2 + x(4H1H32 +H41 ) + z1H52 + z2H31H22
∣∣∣2
+
∣∣∣mH2 + yH21 + wH1H22 + x(4H31H2 +H42 ) + z1H51 + z2H21H32
∣∣∣2.(6.7)
Comparing to the general case (6.1), we have the relations from supersymmetry:
µ2 = |m|2, λ = |y|2, β = m∗y, η = m∗w, ρ2 = α = κ = ζ = 0. (6.8)
We here focus on some simple cases obtained by introducing discrete symmetry on
the superpotential. The vacuum is where one of the VEVs of doublet is vanishing, e.g.
H = (H1, 0). Let us consider a Z3 symmetry of which the superfield H has a charge +1.
In this case, it permits only the y, z1 and z2 terms in the superpotential (6.6). As in the
general case without supersymmetry, the origin H1 = H2 = 0 is a trivial solution without
flavor symmetry breaking. We here assume for simplicity that the origin is destabilized if
supersymmetry-breaking (and S3-breaking) soft scalar terms are included. We then find a
potential minimum where the scalars develop their VEVs of the formH =
(
(−y/z1)1/3, 0
)
.
At this vacuum, a vanishing VEV can give rise to mass textures (zeros) for quarks and
leptons as explained before. Another simple example is a discrete R symmetry Z3R under
which the superfield H has a charge +1. In this case, only the m and x terms are allowed
in the superpotential (6.6). Similarly assuming that the origin does not correspond to
the minimum, we find a vacuum at which the doublet has the one-sided form of VEVs
H =
(
(−m/x)1/3, 0). It may be interesting to note that the Z3(R) symmetry is suitable for
discussing trilinear Yukawa terms and also for suppressing non-renormalizable operators
involving more than one S3 doublets. We finally comment that the analysis becomes more
involved if higher-dimensional operators in Ka¨hler terms were included.
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7 Summary and discussions
Discrete flavor symmetry is a powerful instrument in classifying and constructing mass
matrix forms of quarks and leptons. It is greatly anticipated that such discrete symmetry
is practically inherited from continuous symmetries in more fundamental theory in high-
energy regime. In this paper, we focus on the S3 group as a promising candidate of
such symmetry. The S3 is the smallest non-abelian discrete symmetry and also has a
simple geometrical interpretation. After discussing some fundamental issues of the S3
group (representations, tensor products and group basis dependence), we have presented
the general forms of 3 × 3 mass matrices which are derived from various types of S3
theories. Based on that prescription, we have performed the construction of particular
ansatze of mass textures which have been often discussed in the literature. That includes
asymmetrical matrices in generation space, which would be appropriate to discussing the
leptonic flavor mixing.
Furthermore, discrete flavor symmetry can control the structure of mass matrices (tex-
ture) in dynamical ways. In particular, we have shown that vanishing matrix elements
(texture zeros) are dynamically realized in the vacuum of scalar potential. It is however
noted that texture zeros themselves do not give any explanation for fermion mass hier-
archies. The observed values of masses and mixing angles are obtained in our scheme by
introducing a U(1) or ZN symmetry. A non-trivial issue here is whether abelian charges
can be assigned so that they are compatible with non-abelian flavor symmetry. We have
described typical examples of charge assignments which not only produce mass hierarchy
among the generations but also suppress higher-dimensional operators which tend to dis-
turb mass hierarchies in the first-order estimation. Unlike previous approaches with the
S3 group, we do not assume hierarchical coupling constants nor sequential breaking of
flavor symmetry. In realistic flavor models for quarks and leptons, it is important that
several different sectors are simultaneously controlled by flavor symmetry. As an illus-
trative example, a grand unified model has been constructed with a single S3 symmetry.
Finally, we have also analyzed the scalar potentials for S3-doublet scalars, whose form of
VEV is a key ingredient of our approach.
In this paper (especially below Section 4), we have focused on the models with a single
S3 symmetry. It may be an interesting task to explore other types of flavor extensions,
e.g. S3L × S3R and other discrete symmetries larger than S3. They would generally lead
to different types of mass textures and physical consequences such as flavor-violating
processes and their characteristic experimental signatures. More detailed study, including
these issues, is left to future investigations.
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